We study Floquet topological phases driven by PT symmetric nonunitary time evolution in one dimension, based on an experimental setup of discrete-time quantum walks. We develop, for nonunitary time-evolution operators, a procedure to calculate topological invariants for Floquet topological phases and find that the bulk-edge correspondence gives correct predictions of the emergent edge states. These edge states make exponential growth of wavefunction amplitudes at specific positions with time controllable. Hereby, we propose that these phenomena inherent in open quantum systems are feasibly observed by present experiments of quantum walks in both classical and quantum regimes.
Introduction:
Understanding and controlling open quantum systems are a fundamentally important problem to be solved. A combined parity and time-reversal symmetry, called PT symmetry, in a non-Hermitian Hamiltonian sheds light on the issue by providing unique and relatively easier solutions, namely, keeping real eigenenegy even in non-Hermitian systems [1, 2] . Accordingly, non-Hermitian systems with PT symmetry have attracted great attention from various fields in physics, since these systems provide not only further understanding of open quantum systems [3] [4] [5] [6] but also novel applications [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] which cannot be realized by closed Hermitian systems.
Motivated by these remarkable developments in PT symmetry of time-independent non-Hermitian Hamiltonians, PT symmetry for time-dependent systems described by a time-evolution operator is also investigated [17] [18] [19] [20] [21] [22] [23] , but it is relatively less well understood because of difficulty even in identifying PT symmetry for the nonunitary operator associated with a time-dependent Hamiltonian. Recently, it is clarified in Refs. [24, 25] that not only PT symmetry but also additional symmetries can be facilely defined for the nonunitary operator by focusing on discrete-time quantum walks(QWs) [26, 27] . Remarkably, the nonunitary QW with gain and loss has been realized in experiments by implementing optical fiber loops [28] .
Taking account of facility in maintaining symmetries of nonunitary operators, the QW is also an ideal platform to study Floquet topological phases(FTPs) of nonunitary time-evolution operators, since symmetries are also very important for topological insulators. While topological insulators have novel surface states protected by symmetries, materials which possess nontrivial topological phases are limited. Therefore, approaches to artificially induce nontrivial topological phases are becoming important. One possible way is FTPs which are induced by applying external fields to a topologically trivial system so that the time-evolution operator possesses topologically non-trivial phases [29] [30] [31] [32] [33] [34] [35] [36] [37] . FTPs of unitary QWs has been intensively studied theoretically [38] [39] [40] [41] [42] [43] [44] [45] [46] . Furthermore, edge states associated with FTPs are observed in experiments for one [47, 48] and two [49] dimensional systems. It is remarkable that these experiments are performed in optical systems. Since loss of photons or light is unavoidable in optical systems, effects of dissipation (and gain in some setups in like Ref. [28] ) on FTPs should be investigated. It is worth mentioning that while topological phases of time-independent non-Hermitian Hamiltonians with PT symmetry are studied in Refs. [50] and [51] and there are several developments [52] [53] [54] [55] [56] [57] in the last couple of years, FTPs for time-dependent non-Hermitian systems, i.e. nonunitary time-evolution operators, have not yet been studied.
In this Letter, we study FTPs and the corresponding edge states of the PT symmetric nonunitary QW with gain and loss in one dimension(1D), whose setup is based on the experiment in Ref. [28] . We develop a procedure to calculate topological invariants for FTPs driven by nonunitary time-evolution and show that the emergent edge states satisfy the bulk-edge correspondence. We demonstrate that these edge states contribute to exponential amplification of wavefunction amplitudes at specific positions with time. Accordingly, we propose that these phenomena inherent in PT symmetric nonunitary dynamics are feasibly observed by current experimental setups of quantum walks implemented by not only classical coherent lights [28] but also single photons in the quantum regime [47, 58, 59] .
Model: Here, we introduce the time-evolution operator of the 1D nonunitary QW realized in the experiment in Ref. [28] and studied further in Ref. [24] . The basis of the walker is defined from two internal states, |L := (1, 0) T and |R := (0, 1)
T and 1D position space |n , where n ∈ Z. Thereby, the wavefunction at time step t, |ψ(t) , is written as |ψ(t) = n∈Z s=L,R ψ n,s (t)|n ⊗ |s . The time-evolution operator U for one time step of the 1D nonunitary QW is defined by the product of elemental operators: where each elemental operator is defined as
Here, σ i (i = 1, 2, 3) are Pauli matrices. The coin operator C(θ i ) changes the internal states of walkers through the position dependent θ i (n) and the shift operator S shifts a walker to its adjacent site depending on its internal state. The gain and loss operator G with positive γ amplifies (dumps) the wavefunction amplitude with the internal state |L (|R ) by the factor e γ (e −γ ), and G −1
vice versa. The wave function after time t is described by
The quasienergy ε is defined from the eigen equation of the time-evolution operator:
When γ = 0, U becomes nonunitary and |λ| = 1, which makes the quasienergy ε complex, in general. However, if the time-evolution operator possesses PT symmetry and the eigenstate |ψ λ is also the eigenstate of the PT symmetry operator, ε becomes real [2] . Symmetry: It is shown in Ref. [24] that the nonunitary time-evolution operator U in Eq. (1) has various symmetries. Here we briefly summarize relevant symmetries which are important to argue topological phases. As proposed in Ref. [42] , we need to apply the symmetry time frame to the time-evolution operator when we argue symmetry of time-evolution operators. In the present case, the time-evolution operator fitted in the symmetry time frame reads
PT symmetry requires the time-evolution operator to satisfy (PT )U (PT ) −1 = U −1 . This relation is satisfied by using the PT symmetry operator PT = n |−n n|⊗ σ 0 K, where K and σ 0 are complex conjugation and an identity matrix I 2 respectively, and with a constraint on position dependences of θ i=1,2 (n):
The time-evolution operator U also retains parity-chiral symmetry(PCS), which is combined symmetry of parity and chiral symmetries in the same fashion with PT symmetry, (PΓ)U (PΓ) −1 = U −1 , with the symmetry operator PΓ = n |−n n|⊗σ 3 . By combining PT symmetry and PCS operators, particle-hole symmetry CU C −1 = U is established with C = n |n n| ⊗ σ 3 K.
Floquet topological phases: It is worth mentioning that, when γ = 0, the time-evolution operator U recovers timereversal and chiral symmetries. Thereby, the system with γ = 0 is classified in class BDI in the AZ classification and possibly possesses non-trivial topological phases [60] . In Ref. [42] , it is shown that the unitary QW belonging to class BDI possesses two topological numbers ν 0 and ν π for quasienergy gaps around ε = 0 and π, respectively, due to 2π periodicity of the quasienergy. While, for finite γ, time-reversal and chiral symmetries are broken, PT and parity-chiral symmetries possess the similar properties with the original symmetries. Since topological numbers are believed to be robust against perturbations which preserve symmetries, it is of particular interest to study FTPs and associated edge states of the nonunitary QW with gain and loss in Eq. (1).
At first, we clarify a condition for finding finite band gaps of the quasienergy around ε = 0 and π, so that topological numbers are well defined. By assuming a homogeneous system, i.e. θ 1 (n) and θ 2 (n) are constant, we rewrite the time-evolution operator U to U (k) in momentum space by the Fourier transformation:
On one hand, when |d 0 (k)| ≤ 1 for any k ∈ [0, 2π), the quasienergy ε is kept to be real because |λ ± | = 1, although U is nonunitary. On the other hand, when |d 0 (k)| > 1 at a certain range of k, the eigenvalue takes only the real value,
, and then the quasienergy ε becomes complex. The former and latter situations are called an unbroken PT symmetry phase and a broken PT symmetry phase, respectively [2] . Remarkably, the condition of the presence or absence of the quasienergy band gap around ε = 0 or π , i.e. λ = ±1, is also discerned by the above unbroken/broken PT symmetry phases. Thereby, the condition |d 0 (k = nπ/2)| = 1, where n is an integer, gives phase boundaries of topological numbers as shown in Fig.  1 , and we focus on unbroken PT symmetry phases hereafter. We note that, for the nonunitary QW, the parameter space where topological numbers are not well defined extends in finite regions, while it features lines for the unitary QW (γ = 0) [46] . Next, we develop a procedure to calculate topological numbers of the nonunitary QW by generalizing a procedure for unitary QWs belonging to class BDI developed in Ref. [42] to nonunitary QWs with PT symmetry and PCS. At first, we define topological numbers of the nonunitary time-evolution operator U (k) from Zak phases in open quantum systems by using the biorthogonal basis [in other words, right and left eigenstates of U (k)], |ψ(k) and χ(k)| [61] . We derive the Zak phase ϕ Z as follows [62] 
where
Since the Zak phase ϕ Z defined in Eq. (7) becomes complex in general, we define the topological number ν with the assumption that only the real part of Zak phases is relevant for the topological number
As shown in Ref. [42] , since ν does not contain enough information to characterize two topological numbers for quasienergy ε = 0 and π, we need to treat the other time-evolution operator fitted in the different symmetry time frame. In the case of the nonunitary QW with PCS, we can also find the other time-evolution operator
, which has the same symmetries with U . We calculate ν from the timeevolution operator U in the same way with ν . Finally, we apply the formula to calculate topological numbers ν 0 and ν π for edge states at ε = 0 and π, respectively, derived in Ref. [42] from ν and ν for nonunitary QWs with PT symmetry and PCS:
Taking Eqs. (7)- (9) into account, we derive topological numbers (ν 0 , ν π ) of the nonunitary time-evolution operator U with e γ = 1.1 [62] . The result is shown in the phase diagram in Fig. 1 . We note that the topological numbers for the nonunitary QW defined in Eq. (8) are the same with those for the unitary QW (γ = 0) unless both two band gaps around ε = 0 and π are open. Therefore, the topological numbers are robust against gain and loss of the PT symmetric non-unitary driving.
Bulk-edge correspondence: Having established the phase diagram, we study whether the bulk-edge correspondence gives the correct number of edge states even for the FTP driven by PT symmetric non-unitary time evolution. In order to induce edge states, we need to spatially change topological numbers by introducing position dependent angles θ i=1,2 of the coin operators under the condition in Eq. (5). Accordingly, the system is separated into three, an inner and two outer regions as shown in Fig. 2 , which are discerned by the value of θ 1 and θ 2 :
Note that there are two interfaces near n = ±L where the topological number varies from one value to the other, in contrast to the normal setup to induce edge states of unitary QWs where symmetries require no spatial constraints on θ i (n). In the following numerical simulations, we fix parameters e γ = 1.1 and (θ
2 ) = (9π/10, 3π/5).
When we calculate eigenvalues of the time-evolution operator U by numerical diagonalizations, the periodic boundary conditions are imposed on two ends of the finite system of −M ≤ n ≤ M − 1 with M = 2L = 200. First, in Fig. 3(a) , we show the eigenvalues of the timeevolution operator for the system in Eq. (10) with fixed θ 1,2 , which are indicated by symbols in Fig. 1(a) . We call systems with (θ
2 ) = (7π/10, −4π/5) and (3π/10, −3π/5) the case A and B, respectively. According to the phase diagram of topological numbers in Fig. 1(a) with Eq. (11), we expect the existence of two edge states at ε = π near each interface in the case A by the bulk-edge correspondence, while two pairs of two edge states appear at ε = 0 and π near each interface in the case B. The results of numerical diagonalizations are shown in Fig. 3(a) . While most of eigenvalues are on the unit circle in the complex plane, we find that there appear four eigenvalues deviating from the circle with Re(ε) = π in the case A and eight eigenvalues with |λ| = 1 with Re(ε) = 0 and π in the case B [62] . Since eigenvectors with |λ| = 1 localize near the interface as shown in Fig. 3(b) , these states are predicted edge states. Taking into account the fact that the system in Eq. (10) has two interfaces, the numerical results agree with the prediction by the bulk-edge correspondence.
Further we systematically check the above specific result for the whole parameter region of θ If the number is unchanged with changing sizes M , the number is recognized as the number of edge states originating from FTPs, N 0 and N π , with Re(ε) = 0 and π, respectively. The result is summarized in Fig. 1 (b) showing the set [N 0 , N π ]. Comparing Fig. 1 (a) and (b) in the light of Eq. (11), in unbroken PT symmetry phases, the number of edge states completely agrees with the prediction by the bulk-edge correspondence. Also, in broken PT symmetry phases, we observe that the number of eigenstates with Re(ε) = 0, π increases with increasing the size M , except a few points (shown by red) where the number(≥ 9, in most cases) shows no system size dependence. However, this would be due to finite size effects and could be improved by using larger M . Thereby, we conclude that the bulk-edge correspondence works even for FTPs driven by PT symmetry nonunitary time evolution. We note, depending on the value of θ in inner and outer regions, eigenstates with Re(ε) = 0 and π may have the complex quasienergy (see Ref. [62] for details).
Dynamics: Finally, we study dynamics of wavefunctions driven by the time-evolution operator U in the case B with L = 25 and the initial state |ψ(0) = | − 4 ⊗ |R . Here, we introduce the probability to find a walker at site n and time t, P (n, t) ≡ s=L,R |ψ n,s (t)| 2 . Figure 4 (a) demonstrates that the probabilities at two interfaces increase with increasing time, although the initial position is far from the interfaces. This digests peculiar phenomena of the PT symmetric nonunitary QW, since observation of edge states in unitary QWs requires that the initial state should be very close to the interface [47, 48] . In Fig. 4 (b) , we show the probability near the interface P (26, t) with |ψ(0) = |26 ⊗ |R and find that the probability P (26, t) increases exponentially with time. Taking Eqs. (2) and (3) into account, this enhancement of probabilities is the manifestation of edge states with largest Im(ε). This is confirmed by the dashed line in Fig. 4 (b) showing
where β represents a largest value of the imaginary part of the quasienergy. Discussion and conclusion: We have studied FTPs driven by PT symmetric nonunitary time evolution realized by the QW. The results investigated here, which are peculiar to PT symmetric open systems, can be observed from the time-step dependence of probability distributions in the experimental setup in Ref. [28] . Furthermore, although the experiment in Ref. [28] uses classical coherent lasers, it is possible to generalize our theory to passive PT symmetric systems. Thereby the intrinsically same phenomena could be observed in other setups, such as bulk optics with single photons [47, 59] and optical fiber networks [58] , which are in quantum regime. One of important open questions in the present work is how the imaginary part of quasienergy is determined. Understanding this question would involve currently argued issues of open quantum systems such as a better definition of Berry phases [20, 23, 61] and bound states [5, 16] . We leave this for future work.
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Supplemental Material
In this supplemental material, we explain details of derivations of Zak phases and the phase diagram of two topological numbers, ν 0 and ν π , for PT symmetric nonunitary quantum walks. We also present a detailed analysis on unbroken or broken PT symmetric phases for all eigenstates.
Calculation of Zak phases of PT symmetric nonunitary quantum walks
Here, we derive Eq. (7) in the main text. First, we describe the time-evolution operator in momentum space U (k) in Eq. (6) in the main text using Pauli matrices σ i (i = 1, 2, 3) and an identity matrix σ 0 = I 2 :
d 0 (k) = cos θ 1 cos θ 2 cos 2k − sin θ 1 sin θ 2 cosh 2γ,
where a relation d
In order to simplify the calculation of the Zak phase, we apply a unitary transformation to U (k) so that the coefficient of σ 3 vanishes when γ = 0:
The eigenvalues and the (right and left) eigenvectors of U u (k) are
where ϑ k and Ω k are defined as
We calculate the Zak phase in open quantum systems by using the biothogonal basis |ψ(k) and χ(k)| in Eqs. (S7) and (S8), respectively,
The differentiation of the right eigenstate | ψ ± (k) by the wave number k is given by
From Eqs. (S8) and (S12), the integrand of Eq. (S11) becomes
Substituting Eq. (S13) into Eq. (S11), the Zak phase of the nonunitary time-evolution operator U u becomes
Derivation of the phase diagram of topological numbers ν0 and νπ
In this section, we explain how to derive the phase diagram of topological numbers ν 0 and ν π for quasienergy ε = 0 and π, respectively, in Fig. 1 (a) in the main text. In the right hand side of Eq. (S14), the first term of the Zak phases calculated from the biothorgonal basis gives a real number since ϑ k is always real, and the second term gives a pure imaginary number as long as quasienergy gaps around ε = 0, π are open, i.e. Ω k is real. Since topological numbers are well defined when band gaps are open, we consider parameter regions where both band gaps around ε = 0 and ε = π are open. Also, using the assumption written in the main text, we focus only on the real part of the Zak phase, In order to derive the phase diagram of topological numbers ν 0 and ν π , we also need to calculate ν . Comparing
, we can immediately obtain ν as shown in Fig. S2(b) only by exchanging θ 1 and θ 2 in Fig. S2(a) . We note that d 1 (k) and d 3 (k) are independent of the sign of γ. Finally, by substituting ν and ν in each parameter region into Eq. (9), we can obtain the phase diagram of ν 0 and ν π [ Fig. 1 (a) ]. , θ2) space when e γ = 1.1. In the black (white) region, the quasienergy gap around ε = 0 (ε = π) is close and ν and ν are not well defined.
Unbroken or broken PT symmetric phases for all eigenstates Figure 3 (a) for the cases A and B treated in the main text shows that only edge states with Re(ε) = 0 or π have complex quasienergy, indicating broken PT symmetry of edge states. However, depending on the value of parameters, other eigenstates with Re(ε) = 0 or π can have complex quasienergy in the inhomogeneous system in Eq. (10) in the main text. Here, we call these states c-states to distinguish from edge states originating from Floquet topological phases and explain details of these numerical results. As we explained, Fig. 1(b) in the main text is obtained from the system size M dependences of the number of eigenstates with Re(ε) = 0 or π. We repeat the same analysis for all eigenstates and recognize c-states by eigenstates with complex quasienergy with Re(ε) = 0 or π for the system with M = 200. The result is shown in Fig. S3 .
From Fig. S3 , we can understand that c-states exist in wide parameter regions. Figure S4 shows the eigenvalues and probability distributions of c-states when parameters are θ Fig. S4 (b) ] but also in bulk spectra [whose eigenstates are extended through the system shown in Fig. S4 (c) ]. However, we emphasize that imaginary parts of complex quasienergies for edge states originating from Floquet topological phases are generally larger than those for c-states, which we can understand from Fig. S4 (a) . Thereby, when we consider the time evolution for the system even with c-states, edge states originating from Floquet topological phases dominate the exponential amplification of probability at the interface. π, 9 10 π) which is used in the calculation in Fig. S4 . π, and e γ = 1.1. (a)Green dense dots and red symbols (crosses, triangles, and rectangles)) represent the eigenvalues whose absolute value is one and not equal to one (quasienergy is complex), respectively. More precisely, red crosses, triangles, and rectangles correspond to edge states originating from Floquet topological phases, localized c-states inside a band gap, and extended c-states, respectively. (b-1) The probability distribution of one of localized c-states whose eigenvalue corresponds to a red triangle in (a). (b-2) The probability distribution of one of extended c-states whose eigenvalue corresponds to a red rectangle in (a).
